Abstract Properties of an α, β -symmetric Nörlund sum are studied. Inspired in the work by Agarwal et al., α, β -symmetric quantum versions of Hölder, CauchySchwarz and Minkowski inequalities are obtained.
Introduction
The symmetric derivative of function f at point x is defined as lim h→0 ( f (x + h) − f (x − h))/(2h). The notion of symmetrically differentiable is interesting because if a function is differentiable at a point then it is also symmetrically differentiable, but the converse is not true. The best known example of this fact is the absolute value function: f (x) = |x| is not differentiable at x = 0 but is symmetrically differentiable at x = 0 with symmetric derivative zero [6] .
Quantum calculus is, roughly speaking, the equivalent to traditional infinitesimal calculus but without limits [4] . Therefore, one can introduce the symmetric quantum derivative of f at x by ( f (x + h) − f (x − h))/(2h). As in any calculus, it is then natural to develop a corresponding integration theory, looking to such integral as the inverse operator of the derivative.
Definition 1.
Let I ⊆ R be such that a, b ∈ I with a < b and sup I = +∞. For f : I → R and α > 0 we define the Nörlund sum (the α-forward integral) of f from a to b by
f (x + kα), provided the series converges at x = a and x = b. In that case, f is said to be α-forward integrable on [a, b] . We say that f is α-forward integrable over I if it is α-forward integrable for all a, b ∈ I.
Until Definition 2 (the backward/nabla case), we assume that I is an interval of R such that sup I = +∞. Note that if f : I → R is a function such that sup I < +∞, then we can extend function f tof :Ĩ → R, whereĨ is an interval with supĨ = +∞, in the following way:
Using the techniques of Aldwoah in his Ph.D. thesis [2] , it can be proved that the α-forward integral has the following properties:
Proof. Since g is α-forward integrable, then both series α ∑ 
We can now prove the following fundamental theorem of the α-forward calculus.
Theorem 5 (Fundamental theorem of Nörlund calculus). Let f : I → R be α-forward integrable over I. Let x ∈ I and define F (x)
Using the definition of α-forward difference operator, the second part of the theorem is also a consequence of the properties of Mengoli's series. Since
Corollary 2 (α-forward integration by parts). Let f , g : I → R. If f g and f
Remark 1. Our study of the Nörlund sum is in agreement with the Hahn quantum calculus [2, 3, 5] .
In contrast with [4] , our definition is valid for any two real points a, b and not only for those points belonging to the time scale αZ. Similarly, we introduce the β -backward integral.
Definition 2.
Let I be an interval of R such that a, b ∈ I with a < b and inf I = −∞. For f : I → R and β > 0 we define the β -backward integral of f from a to b by
f (x − kβ ), provided the series converges at x = a and x = b. In that case, f is called β -backward integrable on [a, b] . We say that f is β -backward integrable over I if it is β -backward integrable for all a, b ∈ I.
The β -backward Nörlund sum has similar results and properties as the α-forward Nörlund sum. In particular, the β -backward integral is the inverse operator of ∇ β .
The α, β -symmetric Nörlund sum
We define the α, β -symmetric integral as a linear combination of the α-forward and the β -backward integrals. 
Function f is α, β -symmetric integrable if it is α, β -symmetric integrable for all a, b ∈ R. 
α, β -Symmetric Integral Inequalities
Inspired in the work by Agarwal et al. [1] , we now present α, β -symmetric versions of Hölder, Cauchy-Schwarz and Minkowski inequalities. As before, we assume that a, b ∈ R with b ∈ A := {a + kα : k ∈ N 0 } and a ∈ B := {b − kβ : k ∈ N 0 }, where α, β ∈ R
